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Abstract 
Research on channel bed profiles is one of the basic topics of river dynamics and fluvial process studies, since it was 
closely associated with the problems such as turbulent structure, flow resistance and sediment transportation in 
alluvial rivers. As a result of motion water flow interacting with sediment, channel bed profiles have irregular plane 
structures and self-similar microstructures, which were better analyzed by fractal method to reflect the intrinsic rough 
characteristics. In this study, several existing fractal dimension calculation methods were compared quantitatively, 
along with the discussion of their non-scale zones, correlation coefficients and computational accuracies. The 
following methods are included in this paper: Yard Stick Method, Box Counting Method, Variation Method, 
Structure Function Method, Root Mean Square Method and R/S Analysis Method. Finally, it is suggested that the 
Structure Function Method is suitable for calculating fractal dimension of rough channel bed profiles, which can 
provide references for future micro-fractal studies on fluvial process, flow resistance and waterway regulations. 
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1. Introduction 
Channel bed profile is closely associated with the capability of flood discharge and sediment 
transportation of alluvial river, how to reveal its intrinsic characteristics objectively and accurately is a 
tough problem in river dynamics. Fractal theory as an important branch of nonlinear mathematics can 
solve the problem well. Many researchers applied the fractal method to the study of river shape and have 
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made tremendous achievements. Nikora’s [1] research indicated that the plane pattern of channel bed has 
fractal structures on a range of scales. JIN Desheng [2] discovered that the longitudinal profile of 
erodible-bed channel has fractal characteristics, and its complex development can be reflected by fractal 
dimension. ZHOU Yinjun, etal [3] discussed the change rules and physical significances of the fractal 
dimension of channel bed. WANG Xiekang, etal [4] investigated various kinds of rough channel 
bedforms and pointed out that the bed configurations have self-similar micro-structures and can be 
regarded as fractal. The previous studies showed that the channel bed profiles have self-similarity and can 
be better described by fractal method. At present, there are many calculation methods to compute the 
profile’s fractal dimension. Including Yard Stick Method, Box Counting Method, Variation Method, 
Structure Function Method, Root Mean Square Method, R/S Analysis Method and so on. Obviously, 
different methods are not the same basic principle, and the calculation results are not exactly the same. In 
this study, the above six methods were compared to determine which method is more suitable for the 
calculation of channel bed profile’s fractal dimension.  
2. Calculation methods of rough profile’s fractal dimension 
2.1. Yard Stick Method 
At first, a fixed ruler size r is selected. Then r is regarded as the length of segments in divider method, 
and keeping both initial position and terminal point of per-segments located on profile contour. Finally 
the whole length of profile contour will be calculated by using divider method. Obviously, the whole 
length is equal to the number of segments N(r) multiplied by r. Selecting n yardsticks ri(i=1,2,…n) to 
calculate the length of curve, and each ri is corresponding with a curve length Li. Getting a series of data, 
(ri,Li). Drawing the series of data (ri,Li) on log-log scale, and then fitting a line to the plot using a least 
squares fit. The profile’s fractal dimension D=1-α, where α is the regression coefficient also called the 
slope of the regression line. 
2.2. Box Counting Method 
In this method, different square grids will be used to cover the profile. When the width of square grid ε 
changes, the number of grid N(ε) will changes too. The relationship between N(ε) and ε is as follow: 
N(ε)=kε-D. While the width of square mesh takes ε1, ε2, ε3, …, εk, the number of grid correspondingly is 
N(ε1), N(ε2), N(ε3), …, N(εk). Using linear regression method to analyze the data (εi, N(εi)) on log-log scale, 
getting the regression coefficient α. Then the fractal dimension D can be calculated by the relationship 
D=-α. 
2.3. Variation Method 
Rectangular boxes with the width r would be used to cover the profile continuously. Some points will 
be taken out as sample in every box. The deviation between the sample’s highest site and the lowest 
position is Hi in the i-th box. If the ruler scale r is very small, Hi is approximately equal to the curve 
length V(r). So the measure is equal to 2( ) / /i iV r rH r H r   . The measure V(r) is plotted against 
the ruler size r on logarithmic axes; subsequently a linear fitting process will be carried out. The fractal 
dimension is equal to D=2-α, where α is the slope of the fitted line and should be taken absolute value. 
2.4. Structure Function Method 
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Structure function method is also called augmentation approach. The profile is regarded as a height 
function sequence z(x), and the sequence z(x) has fractal character. For any two points with distance r in 
the sequence z(x), define a structure function S(r), which is the arithmetic average value of the square of 
the altitude difference. The relationship between the sequence z(x) and the structure function S(r) is as 
follow: 2 4 2( ) [ ( ) ( )] DS r E crz x r z x    , where r is called interval scale. Selecting different interval 
scales r, calculating the homologous value of structure function S(r). Then plotting the data lnr versus the 
value lnS(r) on log-log scale, and fitting a line to the plot. The conversion relation of fractal dimension D 
and the fitted line’s slope α is D=2-α/2. 
The structure function S(r) reflects the height difference of two positions with distance r, also 
represents the relatively surface roughness of profile, therefore its physical significance is specific. 
2.5. Root Mean Square Method 
GE Shirong [5] presented this method in 1997. The basic principle is similar to Structure Function 
Method. Research shows the scaling relation of function sequence z(x) with fractal character obeys the 
following formula 
2
0 0( ) ( )
Dz x z x x x                                                 (1) 
Give x0=0 and z(0)=0, then we can calculate the variance or covariance of the function sequence z(x) 
by the equation 
1/ 2 2( ) Var( ) DS r crr                                                           (2) 
where r is the interval scale, and r =x-x0=x. 
Equation (2) shows that the relationship between covariance S(r) and interval scale r is power 
exponent, and the power is a function of D. Using different interval scale ri (i=1,2, ,n) to calculate the 
standard deviation (also called root-mean-square error) S(r). Then a line can be fitted to the plot with lnr 
against lnS(r) on logarithmic axes. The fractal dimension D=2-α, where α is the slope of the line. 
2.6. R/S Analysis Method 
In the process of researching nonlinear time series, Hurst [5] put forward the rescaled range analysis in 
the year of 1951. Afterwards, this method was used to study Fractional Brownian Motion and self-affine 
fractal curve. Hurst index is closely related to the fractal dimension of the profile height function 
sequence. So, if the Hurst index was calculated, the fractal dimension would be got. The basic principle of 
this method is as follows: 
For a height function sequence z(x), when given scale r, the average is 
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extreme difference divided by standard deviation, which is R(r)/S(r). Hurst’s study found that the 
statistical law of R/S is 
/ HR S cr                                                               (3) 
where, c is a constant, H is Hurst index. 
Taking logarithm in both sides to equation (3), then 
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ln( / ) ln lnR S c H r                                                           (4) 
After determining the extreme difference R(r) and the standard deviation S(r) with different range 
scale r, on the basis of equation (4), the Hurst index H can be calculated by using least square method. So 
the fractal dimension D=2-H. 
3. Comparison of the above calculation methods 
The calculation methods of fractal dimension were stated above, here the calculation precision of each 
method will be discussed to find which method is the best one to estimating the channel bed profiles’ 
fractal dimension. Based on the model of fractal Brownian motion [6], four kinds of flume bed profilesⅠ, 
Ⅱ, Ⅲ, Ⅳ (Fig. 1, standard deviation 1cm  , 8193 points) with different fractal dimensions were 
produced, and their actual fractal dimension is respectively equal to 1.20, 1.40, 1.70 and 1.90. The 
previous mentioned six methods were applied to calculate their fractal dimensions. 
Non-scale zone determination plays a very important role in the fractal dimension calculating. In this 
paper, an approach of artificial judgment together with correlation coefficient test was taken to ascertain 
the non-scale zone. The specific processes are as follow:  
 Based on the resolution and the range of profile self-similar, determining an initial non-scale zone. 
Multi-yardsticks (fifty to one hundred) were selected from the initial non-scale zone to calculate the 
corresponding measure M(r) by program. Then the relationship between yardstick r and measure M(r) 
is plotted on log-log scale. 
 According to the relationship, we can reduce the range of non-scale zone. It means that the best fitted 
lines will be selected, which also meet the correlation coefficient test requirements (the significance 
level α=0.03). Then the widest range that the lines located in is used to replace the initial non-scale 
zone. 
 Selecting various ruler scales r (ten to fifty) from the non-scale zone determined in the second step, 
calculating the corresponding measure M(r), and plotting the relationship between them. Then based 
on the related scale law, the fractal dimension D can be calculated.  
 
Fig. 1. channel bed profiles 
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Table1. Fractal dimension calculation results of channel bed profiles 
Channel bed 
profile and the 
actual fractal 
dimension 
Contents 
Calculation methods 
Yard 
Stick 
Method 
Box 
Counting 
Method 
Variation 
Method 
Structure 
Function 
Method 
Root Mean 
Square 
Method 
R/S 
Analysis 
Method 
ProfileⅠ 
(D =1.20) 
calculated D 1.002 1.196 1.145 1.201 1.124 1.185 
error (%) -16.50 -0.33 -4.58 0.08 -6.33 -1.25 
correlation 
coefficient R2 0.997 0.993 1.000 1.000 0.971 0.981 
non-scale zone 
lnr/0.01mm 2.0~3.6 2.9~4.9 1.3~5.9 5.2~7.5 1.3~6.7 5.9~8.1 
ProfileⅡ 
(D =1.40) 
calculated D 1.011 1.510 1.245 1.384 1.388 1.578 
error (%) -27.79 7.86 -11.07 -1.14 -0.86 12.71 
correlation 
coefficient R2 0.987 0.988 0.999 1.000 0.985 0.989 
non-scale zone 
lnr/0.01mm 2.4~3.8 1.3~4.9 1.3~5.9 1.3~7.5 4.4~7.0 7.3~8.0 
Profile Ⅲ 
(D =1.70) 
calculated D 1.412 1.629 1.335 1.688 1.662 1.628 
error (%) -16.94 -4.18 -21.47 -0.71 -2.24 -4.24 
correlation 
coefficient R2 0.993 0.995 0.998 0.995 0.989 0.978 
non-scale zone 
lnr/0.01mm 2.7~4.0 1.3~4.9 1.3~5.9 3.7~7.5 5.6~7.1 7.3~8.9 
Profile Ⅳ 
(D =1.90) 
calculated D 1.839 1.655 1.366 1.860 1.833 1.583 
error (%) -3.21 -12.89 -28.11 -2.11 -3.53 -16.68 
correlation 
coefficient R2 0.997 0.999 0.997 0.993 0.976 0.991 
non-scale zone 
lnr/0.01mm 4.0~5.5 1.3~4.9 1.3~5.9 3.1~6.6 5.8~7.0 5.9~8.9 
The calculation values of fractal dimension, linear fitting correlation coefficients R2 and the range of 
non-scale zones are presented in Table 1. As the table shows: 
 When the actual fractal dimension of channel bed profile is small, the fractal dimension calculation 
value with Yard Stick Method is different from the actual, and the biggest error can reach -27.79%. 
With the increasing of fractal dimension, the calculation error will be reduced gradually, but the 
calculation value is always less than the actual value. It indicates that the self-similar of measure 
computed by Yard Stick Method is not very good, because of the low complexity and irregularity for 
small fractal dimension profile. 
 Box Counting Method have much higher accuracy than Yard Stick Method, and the error will dropped 
to -12.89% to 7.86%, this is attributed to the large number of sample points. If we reduce the sample 
number, the calculation error will increase correspondingly. 
 As for the linear fitting trend of ruler scale and measure, the Variation Method is better than other 
methods, its correlation coefficient R2 nearly reach 1.000, and the range of non-scale zone is also much 
wider, but its calculation error is relatively large. 
 Structure Function Method has the highest precision in the fractal dimension calculation, the absolute 
value of error is less than 3% , and the relationship of linear fitting is comparative better, it also has a 
wide range of non-scale zone, which represents that it can reflect the character of channel bed profile 
perfectly. 
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 For Root Mean Square Method, the fractal dimension calculation error is -6.33%~-0.86%, it is 
relatively small, but the linear fitting trend is lower than Variation Method and Structure Function 
Method. 
 The calculation results of R/S Analysis Method are close to the Box Counting Method’s, but the linear 
fitting results are not fully satisfied. 
To sum up, the Structure Function Method is more suitable for the fractal dimension calculation of 
channel bed profiles, for it has higher precision, better linear fitting trend and wider non-scale zone. 
4. Conclusion 
Six fractal dimension calculation methods were analyzed qualitatively and compared quantitatively, 
including Yard Stick Method, Box Counting Method, Variation Method, Structure Function Method, 
Root Mean Square Method and R/S Analysis Method. The investigation shows that the Structure 
Function Method with distinct physical significance has higher precision (error 3%  ), better linear 
fitting trend and wider non-scale zone, which is more suitable for the fractal dimension calculation of 
channel bed profiles. The fractal dimension calculated by Structure Function Method is mathematically 
defined as correlation dimension. 
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